












































































































































































































































DESIGN OF EXPERIMENT

48

%102

m [kg] k [N/m]

%102

%107

mlkg C¢H

~

25
46
18 5 55048 )
<102 2.2 54 % 10°
¢ [ k [N/m]

()

50

45

d [m?/s%

30

25

%102

40 45 50 55 60

50

45

40

[m?/s"]

< 35

30

25

50

45

d [m?/s%]

30

25
7

k [N/m) 102

.8 1.9 2 2.1 2.2

m [kg]
(d)
x10?
\
6 18 2 22 24
qy x10%
()

Figure 3.6: The relationship between the input parameters and the output parameter without

considering the ambient vibration excitation
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Figure 3.8: A histogram shows the cumulative signal energy d(t.) variation due to the inputs
T g uncertainty using N = 100 samples

A Latin hypercube sampling method was used to generate N = 100 samples. The acceleration
time histories x(t) were computed using the analytical solution shown in eq (3.9) with time
interval t= 0:005 s for each sample. The cumulative signal energy d(t) was computed between
to =0and te = 30 s, gure 3.4. The variation of the cumulative signal energy d(t = 30 s)
shown in gure 3.8 indicates that the structural response is signi cantly in uenced by the inputs
uncertainty. This may lead to a large number of false alarms and di culties detecting damage.

3.4 Sensitivity analysis

Since the aim of a design of an experiment is to nd the best arrangement to detect damage,
sensitivity analysis evaluates the quality of the chosen design. The design was considered valid if
the contribution of the desired parameters f'g  f g is signi cant. The £"g are the parameters
that lead to detect the chosen damage type. Moreover, the design is optimal if the in uence
of the undesired parameters is minimized. In complex models where a large number of input
parameters is involved, sensitivity analysis is a powerful tool to quantify their contributions
and the contribution of the interaction between these parameters.

Sensitivity analysis procedures explore and quantify the impact of possible errors in input data
on predicted outputs and system performance indices, Loucks et al. [2005]. Di erent methods
can be used to perform a sensitivity analysis. In this work, both the contribution of each input
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parameter and the interaction between the parameters were tested. Therefore, the Total-e ect
sensitivity analysis described by Saltelli et al. [2007] was used. eq. (3.12).

_E(var(dij; )
STy = —— ar(dji)

(3.12)

where d; is the studied system output and V ar(d;) is the variance of the output.

The term E (Var(dij j )) is the expected amount of variance that would remain unexplained
(residual variance) if ; and only ; was left free to vary over its uncertainty range, assuming
all other variables had been determined. High values of the Total-e ect index ST ;;; mean that
the input j in uences the response d; signi cantly.

The quality of a chosen DOE was quanti ed by an index Qpoe. As mentioned before, an
optimal DOE should provide large values of sT for the desired parameters f’\g and small values
of sT for undesired parameters. The developed index is limited in a range [0; 1], fQpoe 2 <':
0 Qboe 1g. If Qpoe =1, then the chosen DOE is optimal. If 0 < Qpoe < 1, then the
chosen design is not optimal and a false alarm due to the uncertainty of the input parameters
should be expected. If Qpoe = 0, then the DOE is not able to provide any information about
the desired parameters. If the value sT .~ represents the in uence of N desired parameters f’\g
on the response d and the value sT4. represents the in uence of the all N parameters £ g on
the response d, the index Qpoge can be calculated as follows:

QpoE = i:bl | (3.13)

3.4.1 DOE based on numerical model quality and sensitivity analysis

For vibration-based inspection methods, the excitation properties and sensors locations should
be chosen to increase the reliability of the inspection method for damage detection.

In case of harmonic excitation, the frequency of the chosen excitation can be selected based
on the sensitivity analysis results, eq. (3.14). s represents the excitation frequency that
leads to the highest sT~ value due to the in uence of the studied damage ¢ on the structural
response d.

Ir rargmaxsTa (3.14)

Evaluating the performance of a chosen inspection method using a numerical model Gy, can
be accurate if the agreement between the computed and the measured structural response of
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the studied structure is obtained. If X refers to all possible locations where a sensor can be
placed on the studied structure to measure the structural response, the sensor locations x for
damage detection can be optimized based on Qy and Qpog as follows:

x X:iarg )r(nax[QV ; Qpoe] (3.15)

After choosing 'st and X, the amplitude of the selected excitation can be chosen in a way that
the structural response d(X; !s7; F4) can be distinguished from the response of the structure due
to noise or ambient vibration d(x; g), where g can be a random noise excitation. The chosen
F, value improves sT~ value due to the in uence of the studied damage 9 on the structural
response d.

Fa :argmaxsTa (3.16)

Fa

DOE to detect damage in the SDOF example

Eq. (3.14) was applied to the studied SDOF example to obtain the optimum excitation
frequency !¢t that maximizes the sensitivity of structural response to the sti ness. The
sensitivity analysis was performed as explained in the next sections. The analysis proceeds
as follows:

1. jv1= i+ where ¢=0:1, Y41 = j+1 'hand = 0:1 for this example. 1, was
calculated based on the mean values given in table 3.2.

2. Calculating the structural response d using the numerical model Gy, for N = 100 samples.
The variation of the input parameters is based on table 3.2.

3. Performing sensitivity analysis and calculate sT.

4. Repeat the process until =5.

The result shown in gure 3.9 indicates that for < 1 the sti ness has a signi cant e ect on
the response. This e ect reaches its peak if = 0:3 where 'st  0:3 50=15rad/s. If >1
the in uence of the sti ness decreases and it can be omitted for >> 1. Since a harmonic
excitation is used to excite the structure the in uence of the damping as the results indicate
is unimportant. If = 1, which represents the resonance phenomenon, a sudden peak appears,
where all input parameters (sti ness, mass, and damping) are activated. For << 1 longer
time should be used to calculate the response d and sT otherwise the excitation behaves like a
static force and no vibration was observed in the selected period T = 30 s. In reality, applying
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low-frequency excitations associated with high amplitudes is difficult if not impossible. In this
work, low excitations frequencies which cause responses, that are not measurable within the

predefined observation period 7T, were not considered.

1 . : \
0.8 J
0.6 i
&
»
0.4r 1
0.2} ot
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O ~ N ! ] -
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w/wy,
Figure 3.9: The relationship between the angular frequency of the excitation and the Total-

effect index sT' of the input parameters

Eq. (3.16) was applied to the studied SDOF example to choose the excitation amplitude
F, that amplifies the influence of the stiffness considering wyr. The sensitivity analysis was

performed as explained in the next sections. The analysis proceeds as follows:

1. Foi1 = Fo; + AF, given that F, o =0 [N] and AF, = 0.25 [N] for this example.
2. The input excitation was contaminated with white noise v ~ N(0,0.1%), eq (3.11).

3. Calculating the structural response d using the numerical model Gj; for N = 100 samples.

The variation of the input parameters is based on table 3.2.
4. Performing sensitivity analysis and calculating s7T'.
5. Repeating the process until F, = 50 [N].
The results, presented in figure 3.10 , show that for small F, values the transient response at

frequency wy is dominant and all input parameters are activated. If F, is large enough, the

steady-state structural response is dominant, and only the stiffness influences the response.
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Figure 3.10: The relationship between the amplitude of the excitation and the Total-effect

index sT' of the input parameters

3.4.2 Meta-Modeling

A model must represent all important phenomena that influence the response of a studied
structure. Since calculating a model multiple times may be computationally expensive an
approach based on developing a Meta-model (response surface model) has been used to simplify
a relationship between a structural response d and the physical properties of a studied structure
{0}. The meta-modeling approach is a powerful tool to reduce computational efforts. A Meta-
model can be used as an approximation of a complex model after computing a reasonable
number of samples or support points using the complex model. In Fang and Perera [2011],
Cundy [2003] and Deeb and Zabel [2014] are examples that present the application of a Meta-

modeling approach to damage identification in structural engineering.

There are several methods to develop a Meta-model such as global or local polynomial
regression, stochastic methods or artificial intelligence. The choice of the best method depends
on the studied problem and the objective of the Meta-model. Procedures for developing a
Meta-model can be found in Box and Wilson [1951], Box and Draper [1987], Forrester et al.
[2008] and Myers et al. [2009]. More information about the principles of Meta-models and
their application in structural engineering can be found in Bucher and Most [2008], Loucks
et al. [2005].



Sensitivity analysis 55

3.4.3 Choosing the terms of a Meta-model

In order to obtain an optimal or suboptimal Meta-model, a strategy for selecting the terms
of a polynomial regression-based Meta-model was developed and applied, gure 3.11. This
selection will be validated in the next steps. If the chosen Meta-model is not valid, other types
of regressions can be applied. After de ning the input parameters f g, the outputs fdg, the
degree of the polynomial equation, and the maximum degree of the mixed terms , all possible
terms f ;g :i=1:n can be generated where n is the number of generated terms and ; refers
toatermfromthegroup f ig: 2 f ;g. Based on Algebra principles, if a set has n elements
and the number of combinations n of the mixing term degree r =1 is required, then:

=< < n!
n= Cn;r)=

f =1 _,rin ) (3.17)

where C(n ;r ) is the number of r -combinations from a given set A of n elements. The
Meta-model will be developed as follows:

1. Asingle term sub-Meta-model i is developed using only the term ;. The correlation S:Qi
between the predicted value d; computed using the developed sub-Meta-model and the
output of the numerical model d is calculated as shown in eq. (3.18), where cov(d; d;) refers
to the covariance, 4 is the standard deviation of the response d because of the variation
of the input parameters and 4 is the standard deviation of the response d because of the
variation of the input parameters and tting error because of using Meta-models.

. %,
= cov(d:di)

G, = (3.18)

d d
2. Based on &, the terms T ;g are sorted from largest 4 to smallest Z .

3. Starting from the rst sorted term ;, which has the largest S;Qi’ a set of combined terms
T g iscreated. At step i =1 the initial setisf g= ;.

4. At step i a new term ; is added to the set T g before generating a multi term sub-
Meta-model i and calculating the correlation ﬁ;gi. If the added term ; improves the
correlation between the predicted value d; and d;, the term ; is considered otherwise it
is ignored.

5. The nal Meta-model contains only N terms that improve the correlation g;gi, N n.
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3.4.4 Meta-Model for Sensitivity analysis

Performing the sensitivity analysis may require running a model Gy, for a large number of
samples which can be expensive. Therefore, in this work, a Meta-modeling approach was
applied to minimize the computational burdens.

A developed Meta-model should satisfy several statistical requirements. These requirements
are:

1. the relationship between the input and the output variables is linear.
2. the residuals are random and normally distributed.

3. constant variance of the residuals with zero mean.

In literature, there are several criteria to check these requirements, for example, graphical
analysis of the residuals and regression diagnostic using a quantitative analysis of the residuals.
In this work, the linearity is checked by calculating the coe cient of determination R?,
eg. (3.19), which measures the contribution of the independent variable(s) in the model,
Rawlings et al. [1998].

S (di dy)?
R? = ':1—2 (3.19)
di )

To check the other assumptions, a graphical analysis of the residuals is used. Graphical methods
are a kind of regression diagnostics techniques for detecting failures in the assumptions, unusual
observations, and inadequacies in the model, statistics to ag observations that are dominating
the regression, and detecting situations in which strong relationships among the independent
variables are a ecting the results, Rawlings et al. [1998]. The following tools were applied to
check the assumptions:

1. The histogram of the residuals and the normal probability plot are used to check if the
residuals are approximately normally distributed.

2. The lag plot, which is formed by plotting each residual value versus its successive residual
value, is used to check the randomness of the residuals.

3. Plotting the residuals versus the predicted values is used to check if the variance is constant
with zero mean.
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In case that one or more of these assumptions are not satis ed, another scale of the outputs
fdg may be used to develop the required Meta-model, for example, log(d) or d where & 0.

In this work, a global polynomial regression is used to reformulate the studied problem. As a
result, the relationship between a structural response and the highlighted parameters is obtained
in eq. (3.20):

fdg=[Ifl ;i ij ijr g (3.20)

where 1 i;J;r;:i: N, N is the number of the input parameters. [ ]n, ~ IS the estimated
regression coe cients matrix, N is the number of terms of the Meta-model, Nq is the number
of outputs. d gn, 1 is the vector of outputs. Developing a Meta-model requires de ning four
sets of data. They are the inputs f g, the outputs fdg, the degree (order) of the polynomial
equation, and the degree of the mixed terms: f; ; ;i ;  ::g. It is worth to mention that
in Meta-models increasing the degree of the polynomial could reduce the tting error but not
necessarily the prediction error, Yuen [2010]. There are several methods to obtain the regression
coe cients matrix [ ]n, ~ - In this work, a least square method was used. If N samples are
used to generate data using a numerical model Gy, then

2 3
1 2 3
1;1 1;1 1;1 1;2 1;1 1;1 1;2 1;3
1 2 3
2;1 2:1 2;1 2;2 2:1 2;1 2;2 2;3
[l n = . . (3.21)
1 i PR R 7! i1 TE T 17 N 1
1 2 3
N;1 N;1 N;1 N;2 N;1 N;1 N;2 N;3

The regression coe cients are obtained as follows:

[1=IC ' D' I’ (3.22)

The residual [ ] between both a numerical model and a Meta-model is given in eq. (3.23):

[1=1] [d] (3.23)
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Meta-model for the response of the SDOF example

A Meta-model was developed to represent the relationship between the cumulative signal energy
d and the input parameters f g = f 1; ,; 39" fk;m; g". The dataset which includes 100
samples calculated in the previous subsection was used. Trying a larger number of samples
shows that if N 100, only small changes, which do not in uence the sensitivity analysis
results, were observed. The degree of the polynomial equation was chosen as 2, and the degree
of the mixed terms was chosen as 2. The developed strategy described in the previous sections
was used to choose the best terms of the Meta-model, eq. (3.24).

S (3.24)

2
1
2 2

12 13 12 13 1 23 2

2 30

The statistical properties of the residuals are shown in gure 3.12. f g' was estimated by

applying eq. (3.22). For this example Ng = 1. The coe cient of the determination R? = 100%
indicates that the model shows good tting of the data. The histogram of the residuals,
gure 3.12(a), shows approximately a normal distribution. This is con rmed by the normal

probability plot, gure 3.12(b), where all data points are located close to a straight line given

that Z value as follows:

Z value = (3.25)

Plotting the residuals versus the predicted value, gure 3.12(c), shows a constant variance with
zero mean since no outlier can be observed. The results were also con rmed by calculating the
mean value of the residuals. The lag plot, gure 3.12(d), shows that the residuals are satisfying
the randomness condition since the residuals plot does not show a speci ¢ shape that can be

tted by a model. As a result, the developed Meta-model was used to perform the sensitivity
analysis. For this example:

f g'=f 2530 10 %2, 2:202 10 1° 5223 10 %, 8:963 10 1°,3:830 10 %, 09:872
10 19,2:236 10 °, 1:801 10 %, 8:998 10 %,69:450 10 %, 1:273 10 %, 3:776 10 %,
6:598 10 %3, 2:427 10 %2, 4:224 10 %%gT.

Since the Meta-model developed in the last step was used instead of the numerical model Gy,
the Total-e ect index sT;; can be written as:

_ E(var(djj j i)
sTij = v ar(éi) ! (3.26)

The sensitivity analysis was performed using N = 10000 samples generated using a Latin
hypercube sampling method. Comparing the computational time of both numerical and
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regression models to obtain the sensitivity analysis results, the Meta-model was almost 180
times faster without including the time required to generate the Meta-model which took only
a few seconds. As a result, using the Meta-model as an alternative of the numerical model Gy,
brings a signi cant improvement for the e ciency.

In gure 3.13, the sensitivity analysis results calculated using the numerical model Gy, and
the Meta-model d are presented. The results show good agreement between the results of both

mode

Is.

Since the result of the sensitivity analysis shows that the output d is in uenced mainly by the
variation of the sti ness ; =k, the chosen DOE is appropriate to detect damage related to the

degradation of the sti ness 9 =

does not in uence the output signi cantly.

k. Moreover, the variation of the mass and damping ratio

In order to evaluate the quality of the chosen design, eq.(3.13) was applied. In this example,

P sT~ = 0:96 and

P . . .
sT = 0:9977 As a result Qpoe = 0:95. The ideal DOE in this example
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Figure 3.13: The Total-e ect index sT calculated using the numerical model Gy, and the
Meta-model d using 10000 samples. Good agreement is observed

will give IDsTA =1 and |:)sT =1, as a result, Qpoe = 1.

For illustrating the importance of the chosen excitation in case of damage detection, the
sensitivity analysis procedure explained in this subsection was applied using a high-frequency
harmonic excitation compared to the system’s natural frequency, = 10, and an impulse
excitation separately. Figure 3.14 shows the result of the applied sensitivity analysis. The
results show that a high-frequency harmonic excitation was sensitive to the variation of the
mass and the impulse excitation was sensitive to both the mass and damping variation. These
results were obtained if the described signal energy used as an objective function. As a result,
both excitations are not valid to detect damage related to sti ness degradation. Moreover, using
a harmonic excitation that has a frequency close to the system’s natural frequency, 1, leads
to a signi cant response where the sti ness, mass, and damping are activated.

The number of samples N required to obtain reliable sensitivity analysis results can be
determined by increasing N until the convergence of sT values is reached.
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Figure 3.14: The Total-e ect index sT using di erent excitation types

3.5 Model Updating

In this section, the contribution of measurements to the developed strategy is illustrated. If a
number of experiments similar to those designed using a numerical model was conducted, it can
be possible to reduce the uncertainty of the input parameter by updating the model. Model
updating is important if the reliability of the inspection method has to be improved. However,
this step requires an existing structure.

There are many methods that can be applied to perform model updating. Some of these
methods are deterministic and others are probabilistic. Deterministic updating methods are
based on nding a best combination of input values that maximize/minimize an objective
function. Information from prior knowledge or measurement uncertainty can be considered by
adding penalty, regularization terms and weighting factors. On the other hand, probabilistic
model updating methods employ knowledge obtained from measurements, measurement
uncertainty and/or the experience of the user in order to obtain a best combination of inputs
values. Probabilistic model updating methods are useful if the updating of the statistical
properties of the input parameters is required.

In this work a Bayesian updating approach was used. As a result, the statistical properties
of the updated parameters were directly obtained. These properties are useful to compute
the probability of damage detection in the next step. In order to apply the chosen Bayesian
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inference approach the prior density functions and the likelihood function have to be chosen.
After that, the posterior density functions can be calculated.

3.5.1 Bayesian inference

Bayesian Inference is a kind of a statistical inference which was derived depending on Bayes
Theorem. The principle of this approach is based on the conditional probability. The objective
of applying Bayesian Inference can be to identify the input parameters and/or choosing a
suitable model class to represent the studied problem. The basic concepts of many Bayesian
methods and their application in structural dynamics and civil engineering can be found in
Yuen [2010] and Most [2011].

Given A and B are individual events with known probabilities P (A) and P (B). The conditional
probability of B given A occurs is:

.« _ P(A\B)
P(BjA) = PA) (3.27)
The conditional probability of A given B occurs can be written as follows:
.. _ P(A\B)
P(AJB) = “P@E) (3.28)

The Bayesian Inference model is estimated replacing B by the measured outputs fdg; A by
the input parameters T g, and the probability P by the probability density functions p. As
a result, the posterior density functions p(f gjfdg) are proportional to the likelihood function
p(fdgjf g) and prior density functions p(f g) as follows:

p(f gjfdg) 7 p(fdgjf g)p(f 9) (3.29)

There are di erent techniques that can be used to apply a Bayesian Inference approach to a
numerical method. However, one of the well-known challenges by applying Bayesian Inference is
the computational e ciency. In order to overcome this problem several simulation techniques
have been developed. For example, the traditional and the adaptive Markov Chain Monte-
Carlo simulation have been mostly used. Another example is Kalman Iter that can be used as
Bayesian updating procedure for linear and slightly nonlinear systems. Many other solutions
can be found in literature. However, these simulation techniques must be carefully implemented
and applied in order to obtain robust solutions.

In this work, the computational e ciency problem was improved by using Meta-models. The
advantage of adapting this solution is that calculating Meta-models is very fast compared to
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numerical models. Therefore, the domain of the inputs can be investigated using a large number
of samples generated from any prior distribution density function to obtain a robust solution.
Moreover, modeling errors due to the simpli cation process can be considered as shown in the
next subsections. In order to generate samples a sampling method is applied. The method is
based on sampling from prior density functions of the inputs using a Latin Hypercube Sampling
method.

3.5.2 Prior density function

Before considering measurements, preliminary knowledge related to the uncertainty of an input

is given by a prior probability density function p( ). Generally, structural drawings and the
properties of the materials can be used to estimate prior information about a studied structure.
Yuen [2010] suggested that it is better to choose the prior distribution and its boundaries based
on experience than observing the measurements. In literature, there are many classi cations
of prior probability density functions. For example p( ) can be improper or conjugate prior
distribution functions. Improper prior distribution functions may lead to posterior distribution
functions which have a di erent family of the prior distribution functions. On the other hand,
conjugate prior distribution functions bene t from the knowledge provided by measurements
to obtain the statistical properties of posterior distribution functions but keeping the same
distribution type.

Prior probability density functions can be either informative or uninformative. For many
engineering applications, prior information about studied parameters is in-between. This is
because in most cases the physical laws limit their variations, but it is still hard to estimate
their actual uncertainty distribution. Generally, a at prior distribution does not in uence the
parametric identi cation in the range where the likelihood dominates. However, it in uences a
model class selection. More information can be found in Yuen [2010] and Gelma et al. [2004]

There are di erent methods to choose a prior probability density function. For example,
maximum information entropy methods have been used to assigned prior probability density
functions based on maximizing the Shannon-Jaynes information entropy which is given as
follows, Gray [2009]:

z
S=  p()logp()d (3.30)

where p is the probability mass function which has to sum to one. Gray [2009] mentioned
that although natural logarithms are more convenient for mathematics, it was indicated that
logarithms to the base two instead of natural logarithms should be used. This is because base
two logarithms provide more intuitive descriptions than natural logarithms.
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Another method to select a prior distribution was presented by Chen and Ibrahim [2000].
The method was based on the idea of raising the likelihood function of historical data to a
particular power which was limited between 0 and 1. Such prior distribution, which was called
the power prior distribution, was proposed to improve arbitrary regression models. These priors
were found quite useful in a wide variety of applications, including carcinogenicity studies and
clinical trials.

3.5.3 Likelihood function

A likelihood function represents the contribution of the measured data in establishing the
posterior distribution, Yuen [2010]. This information describes the quality of a chosen model
class which is parametrized by f g to explain observations fdg. A likelihood function for data
measurement d is written as follows

L(dif 9) p(djf g) (3.31)

Moreover, if fdg = fdy;  ;d; :dng" are independently identically distributed random
variables with a density function p(d;jf g), the likelihood function can be written as follows:

: oo
L(fdgjf g) p(dijf 9) (3.32)

i=1
The density function p(dijf g) depends on the studied problem.

In this work, the likelihood function was obtained assuming that uncertainty was independent
and normally distributed if no information about the statistical properties of measurements
are provided. If fdg = fd;; ;d; ;d.g" are independently identically normally distributed
random variables di N (d;; %), then:

'
L(fdgif g) / exp[ JZ(di di)’] (3.33)
i=1
where [ 2] is a diagonal matrix referring to the covariance of the total uncertainty f g =
T 49+T 4 g. Given that fd g is a set of true response of a structure, then ¥ ;g = fdg fd gis the
measurement uncertainty and f 4 g =fd g fdg is the model uncertainty related to the input
parameters uncertainty. As a result, we can describe the uncertainty between measurements
fdg and the outputs of the numerical model Gy, as f g = fdg fdg. Moreover, if a Meta-model
is used to approximate a numerical model, then the uncertainty due to this approximation is
fdg fdy = £ g. Therefore, it is possible to write that f g =f ;,g+ f 4 g+ f g. As a result
we can write:
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[P1=[ a8+ 1+ (3.34)

Investigating 4 for the SDOF example

In case of SDOF example, calculating the cumulative energy of the recorded acceleration signal
requires de ning a start t; and an end time t. of the signal. The initial conditions of the
measured response in real tests are expected to di er from the initial conditions de ned in the
model. If acquiring data is started after the system reaches its steady-state response under
periodic excitation, the energy calculated for the entire number of periods, the signal energy
becomes independent of the initial condition. However, if the input excitation is contaminated
with di erent types of noise, the in uence of the variation of the initial conditions may in uence
the signal energy.

The standard deviation ,, which represents the variation of the response d because of the
variation of the initial conditions, can be estimated by running the numerical model given in
eg. (3.10) assuming di erent initial conditions and observing the variation of the output d as
follows:

1. The variation of the initial conditions was introduced in the model as initial displacements
and velocities which are considered as normally distributed random variables. If the
system is slightly vibrating with its natural frequency it is possible to assume that x, =
I, Xo. In this case, the statistical properties of the initial conditions of the studied
example can be given as follows: X, N (0;0:001%) [m], Xo N (0;0:0012  12) [m/s].

2. Running the model for N samples considering the mean values of the input parameters
given in table 3.2 the value fdy;d,; di ;dng are obtained considering di erent
initial conditions.

3. If d is the mean value of d; : i = 1;2;:::;N, d has a distribution close to the normal

distributiond  N(d; 3,), where 4, = 4.,= N gure 3.15 (b).

4. 4, =d disthevariation ofd fromd due to the initial conditions. ., was considered as
a normally distributed random variable with zero mean and a constant standard deviation

a1, EQ. (3.35).

a1 N i) (3.35)

A contamination of the recorded signal by noise is expected. As a result, it is important
to investigate the in uence of this noise on the structural response. Ideally, if a harmonic
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(a) A histogram shows the cumulative signal energy (b) A histogram shows the mean value of the
d(t) variation due to the variation of the initial cumulative signal energy d(t) variation due to the
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= 1000 tests and each test contains N = 1000 samples
Figure 3.15: Statistical properties of the cumulative signal energy d(t) considering the
variation of the initial conditions.

excitation, which has a constant amplitude F, and constant frequency !, is used N times to
excite a structure, the same response and a constant signal energy d are expected in each test.
However, because of the noise signal ¢, the total energy d; is obtained, gure 3.16, As a result,
if N test using identical excitation are performed and fdig = fd¢.1; di.2; s deis ;de.ng are
observed, where dg; is associated with test i.

For the SDOF example the relationship between d; d and the noise ¢ was investigated as
follows:

1. F(t) =F, sinlt+ ggiventhat ¢ N(0; 2 )forthisexample. ..., = ..+ .
where _ =0 and - = 0:01 [N]

2. Running the model for N samples considering the mean values of the input parameters
given in table 3.2 the value fdiq1.i;deoi;  ;deri; ;den:ig Where r = 1;2;::N and

F Fi -

3. calculating the probability P(d;; d >0j ;) as follows:

th;i>d

P(dt;i d > OJ F;i) = N

(3.36)

4. N the size of the sample was increased until P(de; d > 0j ;) converged. Ny, ~q
refers to the number of the samples that give di; >d .
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The results show that for small noise level d; d and for large noise level di.; >d , gure 3.16
(a). Assuming that the noise level is large enough to obtain P(dy; > d ) =1, gure 3.16 (b),
the minimum value di.min 2 fdijg is the closest value to d and the likelihood function for d,
can be written as follows:

8

_ 20 if d > d.min
L(fdgjf g) = (3.37)
= . .
- p(fdgjf g) >0 ifo<d< dt;min

Assuming large noise level is reasonable since the structure was excited far from its natural
frequency. As a result, the amplitude of the response is small compared to the amplitude
of the response close to the natural frequency. The signal energy of the noisy measurements
d =di¢min d are used to update the numerical model Gy, where d refers to the additional
energy becauseof . 4o =d d=d dgmin+d isthevariationofdfromd dueto g, which
has a standard deviation 3, = gt;min + 2. Intheend, itis possible to write = 7, + &,
Assuming that 4., is normally distributed and based on eq. (3.38) truncated normal distribution
f(d;d; 4.,0;dgmin), P. Robert [1995], can be used for the likelihood function.

fdd 0 _ 1 (<9
(d;d; 405 0; demin) = (Gl 03 (3.38)
d;2 d;2
where
0:5 (4-9)2
d d e d;2
( )= P (3.39)
d;2
0 d 1 z 0 o5 (dd)2
(—)=P7— (3.40)
d:2 2 1
dt'min d 1 z dgmin 05 (M)Z
- )= Pr— 2 (3.41)

d;2 2 1
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Figure 3.16: Investigating the influence of the noise level v on d; — d*.

3.5.4 Posterior density function

In this step, the result of the Total-effect index sensitivity analysis performed in section 3.4 can
be used to reduce the computational effort by updating only important parameters {é}g {0}.

The important parameters are the parameters that influence the studied response significantly.

pUdH{ODP{OD)
[ p({drH{oDp({o})de

A Latin hypercube sampling method is applied to generate N samples from the prior probability

p{O}H{d}) = (3.42)

density functions. / p({d}|{0})p({0})d0 is constant and works as a normalizing factor. It is
important to mention that small posterior uncertainty does not mean a good fitting, Yuen
[2010]. However, it indicates that measurements contain useful information that can lead to

reducing the uncertainty the considered inputs.

Meta-Model for model updating

In order to reduce the computational efforts, a Meta-model is used for model updating. This
is necessary if a large number of important parameters has to be updated using a complex
model G ;. The same procedure explained to develop the Meta-model for sensitivity analysis
can be applied. However, the Meta-model for model updating can be developed considering
only the important parameters {é} C {0}. The relationship between a structural response and

the highlighted parameters is obtained as follows:
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N NN NNN

fdg =["1FL 5 5 S g (3.43)

The residual ["] between a numerical model and a Meta-model is given in eq. (3.44):

[T=1[d 4 (3.44)

The regression coe cients are obtained as follows

1=1a"T"1"D " (3.45)
Meta-model for the SDOF example model updating

For the SDOF example, a Meta-model was used for model updating, gure 3.17. The Meta-
model was developed considering only the important parameters f’\g fo

Since the result of the sensitivity analysis indicated that the sti ness ; = k is the dominant
parameter, the Meta-model considers only the sti ness f'g = f ;g. The degree of the
polynomial equation was chosen as 2. Since there is only one parameter, there are no mixed
terms. The least-squares method was used to obtain the regression coe cients matrix [’\]Nd N~ -
The Meta-model, eq. (3.46), was obtained based on the same data set used for developing the
Meta-model for sensitivity analysis. The same approach was followed to assess the statistical
properties of the residuals.

Figure 3.18 shows the statistical properties of the residuals. The results show that by
considering only the sti ness, the coe cient of determination reduced to R?> = 98:8%.
Moreover, both the histogram of the residuals, gure 3.18(a), and the normal probability
plot, gure 3.18(b), show that excluding the unimportant parameters in uenced the residual
distribution. However, the lag plot, gure 3.18(c), shows that the residuals are still satisfying
the randomness condition since the residuals plot does not show a speci ¢ shape that can be

tted by a model. Plotting the residuals versus the predicted value, gure 3.18(d), shows a
constant zero mean variation since no outlier can be observed. The results were also con rmed
by calculating the mean value of the residuals. The developed Meta-model was used to update
the sti ness. For this example:

9T =f4:67 10 %, 590 10 1, 3:.00 10 %gT.

fdg="*"g'f1 } g (3.46)
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Figure 3.17: Developed Meta-model for model updating

Model updating results

In this example, the true values of the studied input parameters ¥ g given in table 3.1 are used

to simulate the test to obtain d by solving the analytical model. It was assumed that COV

of d is 5% which includes the uncertainty of the structural response due to initial boundary
2

conditions and white noise. This value is obtained if 5 F 7 10 % As a result, the

F, =0
measurement was given asd N (3376 , 1682). By applyian the Bayesian inference approach
explained in section 3.5, the uncertainty of the important parameters p(")  p(k) was updated
to p("jd)  p(kjd) using the Meta-model in eq. (3.46). The results were compared with the
updated uncertainty using the model in eq. (3.24) and the numerical model in eq. (3.9). The
posterior was calculated by generating N = 100 samples. Using more samples does not have a
signi cant in uence on the results. It took about 0.11 seconds to calculate the posterior density
function of the sti ness using the Meta-model in eq. (3.46) and about 0.34 seconds to update
the uncertainty of all the parameters using the model in eq. (3.24). Updating the uncertainty

of the parameters using the numerical model Gy, required about 1600 seconds.

The results shown in gures 3.19, 3.20 and 3.21 indicate good agreement of the posterior
density functions updated by di erent models. The importance of the model updating step can
be quanti ed in the next subsection where the probability of damage detection is computed.

In order to evaluate the quality of a set of measurements for model updating, an index Qu has
been used. The developed index is limited in range [0;1] =fQu 2<:0 Qum 1g. Based on
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Figure 3.18: Statistical properties assessment of the residuals

the standard deviations of the N~ important parameters before updating ~ and after updating
"d the index Qun can be written

X A
O =1 r\} 114 (3.47)
M=t

Eq.(3.47) means that if measurements do not provide any new information to a model, then
~n= nq and Qu = 0. If measurements lead to ~ >> «, , then measurements contain

valuable information about the studied problem and Q,y 1. Obtaining 0 < Qum < 1 means,

there is possibility to reduce the uncertainty by improving the quality of the measurements.

Eq.(3.47) was applied to evaluate the quality of the measurements based on the information
x
they provide. Given that =  kjpi(kjd)) is the mean value of the sti ness k after updating,

i=1
the standard deviation of the sti ness before updating ~and after updating ~, were computed
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Figure 3.19: Prior and posterior density functions of the uncertainty of the sti ness k obtained
using the numerical model Gy, the Meta-model for sensitivity analysis d and the
Meta-model for model updating d
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Figure 3.20: Prior and posterior density functions of the uncertainty of the mass m obtained
using the numerical model Gy, and the Meta-model for sensitivity analysis d

as follows:



The reliability of an inspection method 74

0.012r 7

0.01

0.008r 1

pdf [1/2]
o
o
o
S

0.004- 1
0.002/{—p(33) 1
—p(3sjd = Gw; d)
0 _p(331g‘; J) 1 1 1
0.017 0.018 0.019 0.02 0.021 0.022 0.023

3B=1[]
Figure 3.21: Prior and posterior density functions of the uncertainty of damping ratio

obtained using the numerical model Gy and the Meta-model for sensitivity
analysis d

X .
ka = [(ki K)2pi(K)]*° = 1250 (3.48)

i=1

X .
go= [k )pikjd)]™® = 130:4 (3.49)

i=1

As a result, the quality of the measurements Qy, can be obtained as follows:

e g 1804 g (3.50)

Qu=1 — 1250

3.6 The reliability of an inspection method

The evaluation of an inspection method was accomplished by the probability of detection
POD curve. The POD curve can be obtained using di erent approaches. For example, an
approach was suggested in MIL-HDBK-1823A [2009] which is useful to avoid a large number of
simulated/real experiments if the relationship between the size of the damage and a structural
response can be represented using a simple linear equation. In this work, an approach was
developed and applied to more general cases. The developed method can be used if more
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than one structural response or damage indicator is used to detect damage. In this case, the
relationship between damage size and a damage indicator may take any shape. However, the
developed method requires a su cient number of simulated/real experiments.

3.6.1 Damage indicator

In this work, the di erence between a damage model 9 and a damage indicator model f( 9) is
that a damage indicator model is based on the studied structural response which is chosen to
detect damage, for example, modal parameters obtained from applying a system identi cation
method or a structural response in time domain. The damage indicator is a ected by the
variation of other input parameters and the variation of the experimental data. A damage
model represents the physical in uence of studied damage on a structure or a part of it, for
example, reducing sti ness. If  refers to the total uncertainty from di erent resources and
based on eq. (1.4) it is possible to de ne a damage indicator model T as follows:

f: 90 d(9 o) (3.51)

A damage indicator based on the cumulative energy of a structural response of a studied system

was used. The structural response d; due to damage target size { was obtained by generating

samples from the posterior density functions of the important parameters p(f"gjfdg) and the

initial prior density functions of the unimportant parameters p(f gnf’\g), eg. (3.52), given that
P21 in ... The measurement uncertainty 4 should be considered as well.

d( ) =F(Gm(Fg f gnfy )+ o) (3.52)

where T gn f’\g refers to the parameters in ¥ g but not in f’\g. A damage indicator should be
sensitive to damage only. If this is not the case, a high probability of false alarm is expected.
It is important to mention that the variation of input parameters in time is not included in this
work since the structure is investigated in a particular point of time of its life. If a monitoring
system has to be developed, the variation of input parameters in time should be included.

3.6.2 Probability of damage detection

In civil engineering structures, many sensor types and sensor locations have been used to
monitor a response of a structure. Therefore, combining and abstracting the whole system
results in a damage indicator can be a nontrivial problem. This is because of normalization
requirements and the necessity of converting some response types to t other types before
combining them, for example, converting velocity to acceleration. As a result, several types of
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uncertainty should be considered. For example, one type of uncertainty could be the uncertainty
when measuring each quantity separately | for example, acceleration measurement uncertainty,
velocity measurement uncertainty, etc. A di erent kind of uncertainty can be observed when
computing further quantities from a certain measurement such as calculating acceleration from
velocity. In this case, uncertainty propagation has to be taken into account.

In this work, a method to calculate the probability of detection POD was developed based on
reliability principles. If a studied structure has a response d; considering damage size { and
di+1 considering damage size {,, and if 7, 9 _ diz1 dj, the probability of damage
detection can be computed as follows:

POD( %) =P (d( ) >dcj %) (3.53)

where d. is the threshold related to a response d. d. should be chosen by studying the in uence
of the variation of other input parameters on the response d. It is possible to rewrite eq. (3.53)
as follows:

POD( 9 =1 P@(%<dgj?9 (3.54)

Similarly, the probability of the false alarm PFA or the false positive PFP can be computed as
follows

PFA PFP =P(d( 9 >d.j ¢=0) (3.55)

It is possible to rewrite eq. (3.55) as follows

PFA PFP =1 P(d(9 <dj?¢=0) (3.56)

If Ng = n outputs fdg = fd;.;; di.»; ;di.ng were observed given damage size g and fdg =
fdir11;divt2; 5 div1.ng Were observed given damage size {,, and if {,; 3, div1a
di1 \di+12  di2\  diz1n  di;n POD( 9) and PFA can be computed based on the equations
mentioned above as follows:

POD( g) =1 P(dl < dCl \ d2 < dCZ \ \ dn < dcnj g) (357)

PFP =1 P(di<da\dr<de\ \dp<denj ?=0) (3.58)



The reliability of an inspection method 77

where fd.g = fd.1; dco; ; deng are the thresholds related to the response fdg = fdy; d,; ;dng.
If a model updating approach was applied using a model Gy, then information obtained from
measurements fdg can be introduced in the POD( 9) by considering the posterior density
functions p(f gjfdg) as follows:

POD( % =1 P(di<daNd2<dz\ \dn<denj % d) (3.59)

In civil engineering, identifying the location of damage can be the most di cult problem. For
this reason, it is important to include the in uence of damage location on the reliability of
global inspection methods. If damage 9 is located at element el9, then the POD( 9) including
damage location can be written as

POD( %=1 P(d<da\dz<de\ \dn<dej Gcield,, el9 eld ) (3.60)

where el¥;, and eld ., refer to the accepted limits of damage location. In this case, PFA includes
that damage was detected but at the wrong location, el¢ < el?,;,, or x9 > eld In this case, the

max*

chosen damage indicator should be able to provide information about the location of damage.

Another critical issue is multi-location damage detection. In this case, damage exists in several
locations at a structure. The reliability of a chosen inspection method can be de ned based
on its ability to detect damage at all or most locations. If di erent types of damage were
introduced, then the reliability of the chosen inspection can be investigated for each damage
separately.

In order to evaluate the quality of a chosen inspection method for detecting a certain damage
size 9, an index Qp has been developed based on the probability of detection of a certain
damage size and the probability of false alarm. The developed index is limited in range [0; 1],
fQp2<:0 Qp 1g. In this work, Qp is computed as follows:

Qo =POD(?)(1 PFP) (3.61)

where POD( ¢ ) is the probability of detection of a certain damage size ¢ and PFP is the
probability of false positive or probability of false alarm PFA. If POD( 9 ) = 1 and PFP= 0,
then it is possible to detect damage ¢ without any misleading because of the false alarm. As
a result, Qp = 1 which is the ideal case. If 0 Qp < 1, it is possible that the studied damage
size can be missed and/or a false alarm has to be expected.

Obtaining a reliable POD curve requires a su cient number of samples N. It is possible to
estimate N based on the PFP, N = f(PFP). If d; introduced in eqg. (3.58) is chosen in way
that P(d; < dg1) = P(dz < dx) = P(dj < di) = P(dy < den) and if d; and d; are
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independent, where 9 =0 and i & J, it is possible to write:

PFP =1 (P(d;<dgyj ?=0)" (3.62)

In this work the relationship between N and PFP was assumed for a single output d, n = 1,
N = 1=PFP. For example, if PFP = 0:01 is required, it should be N  100. Forn 1, N
can be calculated as follows:

1
1 (1 PFP)&n

N =Ff(P(d; <dgyj 9=0) (3.63)
Eq. (3.63) indicates that by reducing the PFP, N should be increased. For example, if PFP=0.05
and n=5, P(d; <dgj 9=0)=0:9898. N =1=(1 0:9898) 98. N should be increased until
convergence of the POD curves is obtained.

POD in the SDOF example

The method was applied to the SDOF example. The { 2 [0;40%] k was used to calculate
the response di( ) as in eq. (3.52) with an interval 9 = 1%. As a result, 41 damage size
steps were investigated. The threshold was chosen PFA PFP =POD( 9 9=0) 0:01.
It means that if there was no damage, only 1% of the indicator values d exceeded d. and
leads to false alarm. As a result, eq. (3.55) can be used to select the threshold value that
satis es the PFP condition. Based on eq. (3.54) and the chosen threshold value, the POD
curve can be computed. From eq. (3.63), N = 100. To ensure a constant POD, at each damage
size step N = 500 samples were generated and solved using the numerical model Gy,. The
total number of problems solved was 500 41 = 20500 times. The results show that model
updating improved the reliability of the chosen inspection method. Without model updating,
the inspection method is not reliable based on the problem de nition in eq. (3.7)

In order to evaluate the inspection method for detecting 15% sti ness degradation with and
without model updating based on the index Qp developed in this work, eq. (3.61) was applied,
table 3.3.
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Figure 3.22: Results of developed POD method

3: Evaluation the inspection method for detecting 15% stiffness degradation with and
without model updating using @) p

p(0) p(0]d)
POD 0.61 0.98
PFP 0.01 0.01
Qp 0.60 0.97
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3.7 Model guality and inspection method reliability

The relationship between the assessment procedure of the partial models presented in this
chapter and the reliability of an inspection method for damage detection is concluded in table
3.4.
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Chapter 4

Numerical Study: Three degrees of
freedom frame like structure

4.1 Introduction

The main objective of this example is to investigate the performance of a vibration-based
method for damage detection in three degrees of freedom system. The reliability of the
inspection method for detecting multi-locations damage scenarios is studied. Several types
of excitations were applied to compute the structural response at the considered degrees of
freedom. The POD method developed in this work is used to obtain the POD curves. In
this example, the reliability of the inspection method considers the in uence of the location of
damage.

4.2 Problem de nition

A three degrees of freedom (DOF) frame fxg = fXy; Xo;X3g, gure 4.1, is used to illustrate the
in uence of the considered uncertainty types on the reliability of a chosen inspection method.
In this example a sti ness-damping-lumped mass model, Gy, was developed considering the
sti ness T 1; 2; 30 = Tky; ky; ksg, the masses T 4; 5; g = fmy; my; mzg and the damping
ratios T 7; g; 90 = T 1; 2; 39. The mass matrix [M] is considered diagonal which means
Mi; = 0ifi & j and M;;; = m; if i = j. In this example it was assumed that the system
is linear and only modal damping was considered. The equations of motion, eq.(4.1), can be
written using the matrices in eq.(4.2), eq.(4.3) and eq.(4.4).

[M]fxg + [C]fxg + [K]fxg = FFg (4.1)

82
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2 3
kq kq 0
[K]=2 § ki ki+ks k> E 4.2)
0 ko ky+Kks
2 3
ms 0 0
[M] =§ 0 m, O é (4.3)
0 0 ms

The damping matrix is assumed as a linear combination of the mass and sti ness matrices.
The damping matrix can be written in this case as follows:

Cl= [M]+ [K] (4.4)
where:
:2(2!%;1!!%12 !%éﬁﬁ!nn) (45)

— 2( l!n;l Z!n;2)

2 2
!n;l !n

(4.6)
2

Finding and requires assuming the damping ratio for two modes. The remaining damping
ratio 3 for the third mode can be calculated as follows

“n3 (4.7)

where 1,.. and , refer to the natural frequency and the damping ratio associated with the
mode r. The response of the structure x(t) under an excitation F (t) has been obtained using
the Newmark = 1=4 method (constant average acceleration).

The inspection method is based on observing the in uence of damage 9 on the measured
acceleration x(t) of the system under a certain excitation F (t). The cumulative signal energy
d of the acceleration time histories for a speci ed time period T = t. ty was chosen as an
objective function, eg. (3.5).

Giving that k;.q refers to the initial (undamaged) sti ness value, i 2 f1;2; 3g, four damage cases
were studied:

1. 9= Kk; =kyo Ky refers to the degradation of the sti ness of the top story ; = k;.
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Figure 4.1: Three degrees of freedom frame structure excited by a force F (t) at x;

2. 9= Kk, =kyo Kk refers to the degradation of the sti ness of the middle story , = k.
3. 9= k3 =Kso ks refers to the degradation of the sti ness of the ground story 3 = k.

4, 9= Kk;+ ky+ ks refers to the degradation of the sti ness of all storys together.

The main objective of the chosen inspection method is to detect 5%  k;. Sti ness degradation
with POD 95% and PFP  15% considering the location of damage el® = el9 , where el®
refers to the true location of damage.

Ho:89 5% kip) POD(% 95%PFP  15% and eld = el’

_ ) ) ) (4.8)
H; : The inspection method is not reliable

Since the developed numerical model Gy, was used as Gg to simulate the experiments and
obtain d, the condition de ned in eq. (3.1) was satis ed and Q, = 1.

4.3 Design of Experiments

Based on the results of the SDOF system example, a harmonic excitation F (t) = F,sin !t that
generates an output d which is sensitive to sti ness was chosen. Since the studied structure
contains three sti ness values fki;k,; ksg, three harmonic excitations were used. Generally,
civil engineering structures have a low fundamental frequency. In real tests, it can be di cult
to generate a dynamic harmonic excitation with low frequency and su cient force amplitude
to obtain measurable response using accelerometers. Therefore, harmonic excitations with
frequencies larger than the fundamental natural frequencies of the structure have to be used.
In this case, it is expected that the chosen excitations may be sensitive to the mass variation
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Table 4.1: Applied excitations used to simulate the tests

Test No. Type Fa [N] frequency [Hz] / impulse duration T, [s] location
1 F, Harmonic 160 40 X1
2 F, Harmonic 200 50 Xo
3 F; Harmonic 250 60 X3
4 F, Harmonic 100 20 X1
5 Fs Harmonic 125 25 Xo
6 Fe¢ Harmonic 140 30 X3
7 F; Impulse 3000 0.025 X1
8 Fs  Impulse 2000 0.022 Xo
9 Fo Impulse 1500 0.02 X3

as well. Another set of three harmonic excitations in a higher frequency range compared to the
frequencies of the rst excitation group was chosen to obtain su cient information about the
in uence of the mass on the response d. Since the dynamic response can have a transient state
before reaching the required steady state, the in uence of damping could be unavoidable during
the transient state. Therefore, impulse excitations were used to obtain more information about
modal damping ratios.

Three excitations were applied at the top X, three at x, and three at x3. In case of the harmonic
excitations, lower force amplitudes and frequencies were applied at the top to avoid continuous
large response amplitude, which may be destructive. As a result, The force amplitudes and
the frequencies of the harmonic excitation applied at x3 are higher than at the top and in the
middle. Only impulse amplitudes were chosen independently of the position of the force of the
structure. table 4.1.

The true values of the input parameters £ g were chosen as in table 4.2. As a result, the
true natural frequencies f,, of the studied frame are ff,;; f,; f,30 = 5:27 ; 11:36 ; 16:82g Hz.
Therefore, the time step was chosen as t = 0:002 s to ensure a robust numerical solution for
eq.(4.1). The damping ratios for the rst two modes were assumed as follows: ; = 1:7% and

» = 3:1%. By applying the equations (4.5), (4.6), = 1:9149 and = 8:0879 10 “%. The
damping ratio of the third mode 3; = 5:18% was calculated following the eq.(4.7).

Table 4.2: True values of the studied input parameters. 3 was calculated following the eq.(4.7)

1= ki 2 = ko 3 = K3 g=My =M g=M3 ;=1 8= 2 9=

[kN/m]  [kN/m] [kN/m]  [Kkg] k] [kg] % % %

f g 1616 3168 4704 507.5 757.5 1000 1.7 3.1 5.18
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if min max

max min (4. 9)
0 otherwise

WoON®

p( ) =

The acquisition time was chosen as 10 s to obtain a steady state response and to gain
su cient information related to the in uence of damping on the structural response. The
prior probability density function p( ) of a parameter was considered as a bounded uniform
distribution in a range min max, EQJ. (4.9), table 4.3. If more accurate information
is required, more experiments and investigations can be done to improve the prior knowledge
of these parameters  g. A Latin hypercube sampling method was used to generate N = 500
samples from the prior probability density functions. The number of samples N was chosen to
obtain su cient information about the variation of the structural response d due to ¥ g which
helps to develop Meta-models that satisfy the statistical conditions. The structural response
x(t) at each degree of freedom and for each excitation was computed for each sample. The
cumulative signal energy values d of the acceleration time histories x(t) were calculated for
each degree of freedom. The initial conditions were chosen as x(0) = x(0) = 0.

4.4  Sensitivity analysis results

Similar to the SDOF system example, the method described in section 3.4 was applied. Meta-
models fdg were developed to represent the relationship between the cumulative signal energy
fdg and the input parameters T g. The data set which includes the N = 500 samples, calculated
in the previous subsection, was used. The statistical properties of the residuals were examined
to ensure that they satisfy the requirements described in section 3.4.4. The Total-e ect index
sT values, table 4.4, were calculated using fdg for all excitations and input parameters f g. In
order to evaluate the quality of the chosen design of experiment, eq. (3.13) was applied. The
results in table 4.4 show that the quality of a design of experiment is based on the objective

Table 4.3: The statistical properties of the sti ness, masses and damping ratios of the studied
structure. 3 was calculated following the eq.(4.7)

1=k 2 =k 3 = k3 4 =My 5 = My 6 — M3 7= 1 8= 2
[KN/m] [KN/m] [KN/m] [kg] [kg] [ka] % %
1600 3200 4800 500 750 1000 2.00 3.00
Min 1530.9 3060.2 4592.6 489.2 733.8 978.4 1.57 2.35
Max 1669.1 3338.3 5007.4 510.8 766.2 1021.6 2.43 3.65

COV 0.025 0.025 0.025 0.0125 0.0125 0.0125 0.125 0.125
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Figure 4.2: Time series and Fourier transforms of the excitation forces applied at x; and used
to simulate the modal tests

of this experiment. If 9 = Ky, then only information about k; is required. In this case,
an optimal design should give sT = 1 for the desired parameter k; and sT = 0 for all other
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Figure 4.3: Time series and Fourier transforms of the structural response of the studied
structure at x;

parameters. However, in this example, test No.2, dy; gives sT = 0:68 for k; and the in uence
of m; and m; is observed by sT = 0:17 for m; and sT = 0:12 for m,. Therefore, Qpoe  0:68.
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Test No.1, dy, gives sT = 0:66 for k;. Similarly the design of experiment obtained in case of
9= kyand 9= Kkscan beevaluated, table 4.5. If 9= k;+ k,+ Kz, then information
about ki; k, and ks is required.

In conclusion, an optimal design would be that i sT for the desired parameter is 1 and PsT
for the undesired parameter is 0. In this case Qpoeoptimai = 1:00. However, in most cases,
undesired parameters could in uence the structural response of the studied system. As a
result, low probability of damage detection and/or high rate of false alarm has to be expected.
Solving this problem may require conducting more experiments to gain more information about
the important parameters. In this example, table 4.4 shows that tests 1, 2, 3, 4, 5 and 6 provide
also information about mj; m,; mz since large sT values were obtained. Similarly, tests 7, 8
and 9 provide information about 1; ,; s.

In table 4.4 the input parameters that have sT 0:05 were marked in red. Choosing this
threshold, sT  0:05, is to eliminate nonsensitive parameters but not ks from the Meta-models.
This means, the input parameters that have sT > 0:05 were used to develop the Meta-models
for model updating fdg in the next step.

:sT~  0:05 (4.10)
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Table 4.4: Total-e ect index ST values calculated for all excitations, input parameters ¥ g and

computed response fdg

Force DOF k; ko ks m; m, m; 1 2

X, 002 000 000 1.01 000 0.0 000 0.00

F, = 160sin(40t) X, 066 001 000 014 018 000 001 0.01

Xxs 003 000 000 002 001 001 003 0093

x, 068 001 001 017 012 000 000 0.02

F, = 200sin(50t) X, 000 001 000 000 101 0.00 000 0.00

Xs -0.01 07 001 000 0.18 0.12 -0.01 0.00

x, 0.02 -0.02 -001 -0.02 -0.03 -0.02 001 0091

F3 = 250sin(60t) X, 009 064 009 012 017 018 009 0.12

Xxs 000 0.00 001 000 000 1.04 000 0.01

X, 028 001 -001 068 000 -0.01 -0.01 -0.01

F,=100 sin(20t) X, 049 025 000 008 02 000 000 0.00

Xs 021 053 003 003 003 01 -001 0.00

x, 065 003 001 015 0.17 001 001 0.01

Fs = 125sin(25t) X, 005 018 -0.01 000 0.75 -0.01 0.0 -0.01

Xs -0.01 07 001 -001 0.14 0.15 -0.01 -0.01

x, 003 000 000 004 004 004 001 061

Fe = 140sin(30t) X, 000 07 002 000 018 018 001 0.00

Xs 0.00 0.00 000 000 000 0.87 000 0.00

g _ _ _ _ X, -0.02 -0.02 -0.02 012 -0.01 -0.02 009 0.90
7=>30005m(125'66t) !ft 0_'025 I X, 002 002 002 000 003 002 009 091
0 iFt>0:025 5 Xxs 0.05 0.00 000 000 000 004 009 0091
22000%(142:80 it ooy 0.00 -0.04 -0.04 0.02 -0.01 -0.04 0.10 0.92
Fg = - 1> 0022 5 X, 001 000 002 -001 0.12 001 010 0093
Xs 001 001 001 001 002 002 010 0094

8 _ _ _ _ X, -0.05 -0.05 -0.05 0.3 -0.02 -0.01 012 0091
F9:>15003'n(157'08t) it 002001 " 001 002 001 001 002 002 010 088
-0 Fe=00200s1 " 004 002 002 001 004 007 014 085




Sensitivity analysis results 91

Table 4.5: The quality of the DOE considering the excitation type and the sensor position

Force DOF Qpoe( ki) Qooe( k2) Qboe( ki) Qooe( ki+ ko+ ki)

X1 0.02 0.00 0.00 0.02

F1 = 160sin(40t) X2 0.65 0.01 0.00 0.66

X3 0.03 0.00 0.00 0.03

X1 0.67 0.01 0.01 0.69

F, = 200sin(50t) Xo 0.00 0.01 0.00 0.02

X3 0.00 0.71 0.01 0.71

X1 0.02 0.00 0.00 0.00

F3250 sin(60t) Xo 0.06 0.43 0.06 0.55

X3 0.00 0.00 0.01 0.01

X1 0.30 0.01 0.00 0.30

F, = 100sin(20t) Xz 0.48 0.25 0.00 0.73

X3 0.23 0.58 0.03 0.84

X1 0.63 0.03 0.01 0.66

Fs = 125sin(25t) X» 0.05 0.19 0.00 0.23

X3 0.00 0.73 0.01 0.73

X1 0.04 0.00 0.00 0.04

Fe = 140sin(30t) X, 0.00 0.64 0.02 0.66

X3 0.00 0.00 0.00 0.00

8 _ _ X1 0.00 0.00 0.00 0.00
23000sin(125:66t) ift 0:025 [s]

Fr=_ _ Xo 0.02 0.02 0.02 0.05
-0 if t > 0:025 [s]

X3 0.05 0.00 0.00 0.05

g _ _ X1 0.00 0.00 0.00 0.00
2000sin(142:8t) ift 0:022 [s]

Fe=_ _ X2 0.01 0.00 0.02 0.03
-0 if t > 0:022 [s]

X3 0.01 0.01 0.01 0.03

g _ _ X1 0.00 0.00 0.00 0.00
1500sin(157:08t) ift  0:020 [s]

Fo= Xo 0.01 0.02 0.01 0.04

20 if t > 0:020 [s]
X3 0.03 0.02 0.02 0.07
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4.5 Model updating results

Meta-models fﬁ\g were developed for model updating to reduce the computational e ort. As
mentioned before, the input parameters that have sT  0:05 were considered and used to select
the important parameters 'y f g. Applying the Bayesian updating approach explained
before in section 3.5, the posterior density functions p(f gjfdg) of the updated parameters
were computed, gure 4.4, table 4.6. To include the uncertainty due to the assumed initial
condition and noise because of ambient vibration | N (0; (0:02d)?) was considered when
p(f gjfdg) was computed. Larger 4 may lead to lose information about k;. More accurate
value could be chosen for  if the ambient vibration excitation was investigated.

In order to evaluate the quality of the measurements for model updating, the index Qp given
in eq.(3.47) was computed, table 4.7.

4.6 Reliability of the inspection method

4.6.1 Damage indicator

The method developed in section 3.6.2 was applied. { 2 [0;20%] ko was used to calculate
the response d( 9) as in eq. (3.52) with an interval 9 = 1% Kg. In this example, it was
assumed that PFP = POD( 9 9 = 0;d) 0:01 for each response d. It means that if there
was no damage, only 1% of the indicator values exceeds d. and leads to a false alarm. As
a result, eqg. (3.55) can be used to select the threshold value for each response that satis es
the PFP condition. Based on eq. (3.59) and the chosen threshold values, the POD curves
could be computed. Based on eq. (3.63) if the number of the outputs is n = 27 (9 tests 3
degrees of freedom), then the minimum number of samples is N = 167 and PFP  0:16. To
obtain constant POD curves, N = 500 samples were generated and solved for each ¢+ ¢
using the numerical model Gy, for each applied excitation. The total number of samples is
500 21 9 = 94500 times. It is very important to mention that sometimes the relationship

Table 4.6: The statistical properties of the posterior density functions of the input parameters.
3 was calculated following the eq.(4.7)

1=k 2 = k2 3 = K3 4 =My 5 =My 6 — M3 7= 1 8= 2
[kN/m]  [kN/m]  [kN/m]  [kg] [ka] [ka] [%] [%]
1602.7 3155.4 4844 505.4 754.6 1003.8 1.83 3.16

Na o 39 6.9 74.96 0.93 1.1 1.7 0.028 0.038

CQOV 0.0024 0.0022 0.015 0.0018 0.0013 0.001 0.015 0.012
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Table 4.7: The quality of the measurements based on damage scenario

N

i k]_ k2 k3 kl —+ k2 =+ k3
A 39.920 79.840 119.760
ng 39 69 7496

Qwm 90% 91% 37% 88%
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Figure 4.4: Posterior density functions p(f gjfdg) of the input parameters computed using
Bayesian updating method. 3 was calculated following the eq.(4.7)

between damage size and a structural response can be an inverse relationship, on other words,
the damage size increment causes a structural response decrement. As a result, egs. (3.55) and
(3.59) and should be modi ed as follows:
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PFP =1 P(( % >dgj9=0) (4.11)

POD( 9 =1 P(d;>dug\d;>de2\ \dn>dcnj % p(f gjfdg)) (4.12)

4.6.2 Damage location

An inspection method is reliable if damage is detected and located correctly. As a result,
false alarm includes detecting damage at a wrong location. The relationship between damage
size and a structural response was used as a damage pattern DP ( 9). The de ned damage
patterns help to classify the type of damage and/or de ne its location. For example, in case
of the rst 9 = k; and the fourth 9 = Kk; + Kk, + ks damage scenarios, if the damage
indicator, which is the cumulative signal energy d( 9), was computed from x(t) obtained at the
top of the studied frame x; under an excitation F4(t) for both undamaged and damaged states,
then a decrement damage indicator value was observed if damage size increases. However, in
case of the second ¢ = Kk, and third ¢ = k3 damage scenarios, no relationship between
damage and the damage indicator was observed, gure 4.5. This observation can be used to
develop a concept of damage patterns which can be unique for each studied damage scenario.
In this work, a damage pattern was de ned as 1 if a proportional relationship between damage
size and damage indicator was observed and -1 if an inverse relationship between damage size
and damage indicator was observed. If the damage indicator is not sensitive to damage then
the damage pattern value was 0, eq. (4.13). In order to obtain a reliable inspection method
considering damage location, the de ned damage patterns should be unique for each studied
damage scenario. The damage patterns DP ( 9) for the studied damage scenarios are listed
in tables 4.8, 4.9, 4.10 and 4.11. The results show that each damage causes a unique damage
pattern which indicates a reliable inspection method if damage location is considered. For test
No. 7,8 and 9 DP( 9) =0.

1 if d= 9<0 (4.13)
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Table 4.8: Damage patterns DP ( 9) for the rst damage scenario 9= k;

F, F, F3 Fy4 Fs Fe
ey O -1 -1 -1 -1 -1
dee -1 0 0 -1 -1 0
des -1 0 0 -1 -1 0

Table 4.9: Damage patterns DP ( 9) for the second damage scenario 9 = k;

F, F, F3 Fy Fs Fe
dw O 0O 0 0 -1 -1
ey 0 0 -1 -1 -1 -1
des O -1 0 -1 -1 -1

Table 4.10: Damage patterns DP ( 9) for the third damage scenario 9 = ks

F. F2 Fs Fs Fs Fo
da 0 0O 1 0 0 0
de 0 0 0 -1 0 -1
do 0 -1 0 -1 -1 -1

Table 4.11: Damage patterns DP ( 9) for the fourth damage scenario 9= k;+ Kk, + Ks

Fi. F2 Fs Fs Fs F
o 0 -1 -1 -1 -1 -
de 1 0 -1 -1 -1 -
de 1 -1 0 -1 -1 -1

4.6.3 Probability of detection curves

The POD curves were computed based on eq. (3.59) and the threshold value d.; which was
selected to satisfy the false alarm condition PFP; = POD( 9j 9 =0) 0:01 for each output d;.
The results show that the reliability of the chosen inspection method depends on the location of
the studied damage. A sti ness degradation of 5% at the top and middle storys were detectable
with a POD = 100% and PFP = 6%. However, the probability of detecting similar damage
in the lower story is POD = 42% and PFP = 7:5%. Moreover, damage at multiple locations
will be detected faster than damage in one location, gure 4.6.

The quality of the inspection method was evaluated by calculating Qp for each studied damage
scenario by applying eq. (3.61), table 4.12. Based on the problem de nition presented in
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Figure 4.5: Damage pattern DP ( 9) for di erent damage cases

eq. (4.8), the inspection is not reliable to detect the degradation of the sti ness ks at the
ground story of the structure. As a solution, better design of experiments can be developed by
choosing di erent excitation properties to gain more information about k.

Table 4.12: Reliability of the inspection method for detecting 5% sti ness degradation for
di erent damage scenarios based on Qp including model updating

g Qo( %= ki) Qpo(?= k) Qp(?= ki) Qpo(?= ki+ ky+ ks)
5 % Kki.o 0.94 0.94 0.39 0.94
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Chapter 5

Experimental Study

5.1 Steel frame structure

5.1.1 Introduction

The performance of a vibration-based inspection method for damage detection is tested by
applying the strategy developed in this work. The experimental models of the studied structure
and damage are presented. The modal parameters obtained from initial experiments are used
to design the experiments for damage detection.

A numerical model has been developed to perform a statistical study. The reliability of the
inspection method is evaluated by taking into account the in uence of damping, the number of
the sensors, the location and the frequency of the excitation.

5.1.2 Problem de nition and experimental test setup

The studied structure is a single-span-one-story steel frame structure. The length of the beam
is 2 m measured between the centers of the columns. The height of the frame is 2 m measured
between the base level and the top of the beam. The frame was constructed from hollow steel
cubes connected to each other using bolts. These cubes can be arranged and connected to
create di erent types of structures, for example, multi-story structures, tower, etc. Moreover,
it is possible to replace any element, for example, by a 3D hinge which can be considered as a
damage model, gure 5.1. However, using these cubes brings complexity to the numerical model
because of the nonuniform cross-sections and the connection conditions between the cubes.

The frame contains 23 steel cubes. The interface connections were realized using 8 bolts. Cubes
number 1 and 23 according to gure 5.2 were xed to steel plates using 8 bolts for each, and the
plates were xed to the ground. Cubes number 9 and 15 which connect the beam to the columns

98



Steel frame structure

(a) Studied structure
constructed from steel
cubes

Sti ening element used to X the hinge

Steel cube

L=2m
(b) A sketch describes the geometry and the elements of the studied structure

Figure 5.1: Studied single-span one-story steel frame structure and its elements

99



Steel frame structure 100

were replaced by hinges. It was possible to increase the sti ness of a hinge by adding up to 4
steel sti ening elements. As a result, the hinge is blocked if the 4 sti ening elements were xed.
Removing the sti ening elements increases the exibility of the beam-column connection.

Five -3-axial-accelerometers were used to conduct a dynamic modal test. The accelerometers
have been deployed following 3 setups, gure 5.2. As a result, the structural response at 11
points of the frame was measured. The setups were combined using reference sensors. The rst
reference sensor was placed on one of the columns, at cube 6, close to the top. The second was
placed on the top of the beam at cube 14, table 5.1. The test setups were designed in a way that
a trade-o was obtained between the number of sensors, the number of measurement points
and the number of setups. Based on the orientation of the sensors, the coordinate system of
the frame was de ned as follows: x: vertical, y: longitudinal (in-plane) and z: lateral (out of
plane).

Five damage cases were studied, table 5.2. In this example, the damage was created by releasing
the hinge at one or/and both sides of the beam by removing the sti ening elements diagonally,
gure 5.3.

Reference sensors
Setup 1
setup 2

Setup 3

Y a— _l

Figure 5.2: Sensors locations in each test setup
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Table 5.1: Sensors locations for each test setup

Setup No
Sensor No
1 2 3
1 cube 6 (Refe.) cube 6 (Refe.) cube 6 (Refe.)
2 cube 14 (Refe.) cube 14 (Refe.) cube 14 (Refe.)
3 cube 8 cube 2 cube 4
4 cube 12 cube 10 cube 16
5 cube 22 cube 18 cube 20

Table 5.2: Studied damage cases

Damage case Description

1 Both hinges are xed

2 Hinge at cube number 9 is half released, Hinge at cube
151is xed

3 Hinge at cube number 9 is completely released, Hinge

at cube 15 is xed

4 Hinge at cube number 9 is completely released, Hinge
at cube 15 half released

5 Both hinges are completely released

The chosen inspection method was applied to obtain a damage size 9 that can be detected with
a probability of detection POD = P; 2 [0; 1] and a probability of false alarm PFP = P, 2 [0; 1]
after reaching damage case i ( 9 > ) and before reaching damage case i+1 ( 9 < ,,), where
i =1;2;3;4. The problem de nition can be written as follows:

Ho:89: 92[9 9,]D)POD(9 P PFP P,

. . : : (5.1)
H; : The inspection method is not reliable

In this example, the reliability of the inspection method was tested to detect damage 9 given
that < 9< §:

Ho:89: 92[% 9D POD(Y9 95%:PFP 5%

(5.2)
H, : The inspection method is not reliable
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(a) Completely released hinge (b) Half released hinge by removing 2 stiening
elements diagonally

(c) Completely xed hinge by 4 sti ening elements (d) Steel cubes connected together to construct the
structure

Figure 5.3: Hinge and cube elements used to construct the frame and introducing damage in
the physical model
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